[14] F. H. Walters, L. R. Parker, S. L. Morgan, and S. N. Deming
(1991). Sequential Simplex Optimization. CRC Press, Boca
Raton, USA.

[15] M. H. Wright (1996). Direct search methods: once scorned,
now respectable. in Numerical Analysis 1995: Proceed-
ings of the 1995 Dundee Biennial Conference in Numerical
Analysis, D. F. Griffiths and G. A. Watson (eds.), 191-208,
Addison Wesley Longman, Harlow, UK.



method [1], [3]. If we wish to minimize f(x) subject to the
equality constraintsc;(x) = 0,¢ =1, ..., m, the associated ¢,
(absolute-value) penalty functionis

P(x,7) = f(x) + TZ lei(x)], (5)

where 7 > 0 isthe penalty parameter. If minimizing f(x)
subject to the inequality constraints¢;(x) > 0,¢ = 1,...,m,
the corresponding ¢; pendty functionis

P(x,7) = f() + 73 _ max(0, —¢;(x)). (6)

i=1

Theideain either case is that a new composite objective func-
tion is created by adding a positive multiple of the constraint
violations to the original objective function. It can be shown
(see, eg., [1], [3]) that, for a sufficiently large finite value of 7,
an unconstrained minimizer of the penalty functionisasolution
of the constrained problem.

Although nondifferentiable penalty functions have certain
theoretical advantages such as the finiteness of the required
penalty parameter, they are sometimes considered undesirable
because of their lack of smoothness. However, thisis not an
issue with direct search methods, which, as observed earlier, do
not require smoothness. According to folklore, direct search
methods are effective in minimizing penalty functions, and our
favorable experience with (5) and (6) in thewireless application
confirmsthisproperty. Thusboth constrained and unconstrained
problems can be handled with the same basic approach.

Direct search methods cannot be guaranteed to converge to
the globd (i.e., best overal) optimum except for certain highly
restricted problem classes. In genera, even very simple forms
of the base station location problem have multiplelocal optima
Standard approaches (see, e.g., [3], [14]) areto apply the Nelder-
Mead agorithm with multiple starting points, or to restart the
method with alargeinitial simplex near apreviously found local
optimum. Given the generic complexity of global optimization,
further research is needed to devel op specialized techniques for
finding global optimain the wireless problem.

VI. SUMMARY

The base placement problem in Wise [2] is only one of a
wide variety of optimization problemsthat may arisein wireless
systems. For example, base station power levels may be treated
as variablesto be optimized, or a system design may be sought
that minimizes cost while satisfying performance constraints.
Our experience during four years of extensive numerical test-
ing strongly suggests that the Nelder-Mead method, or some
other direct search method, will be highly effective for many
of these formulations, particularly as reliable problem-specific
initiaization heuristics are devel oped.
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wherex = """ | x;/n isthecentroid of the n best points
(all vertices except for x,,41). Evaluate f, = f(x,).

If f1 < f. < fn,acceptthereflected point x,. andterminate
theiteration.

3. Expand.
If f. < f1, calculate the expansion point x.:

Xe = X + px(X — Xpn41), (2)

and evauate f. = f(x.). If f. < f,, accept x. and
terminate the iteration; otherwise (if f. > f.), accept x,
and terminate the iteration.

4. Contract.

If f. > fn,performacontraction between x and the better
of x,+1 and x,..

a. Outside. If f, < fr < foy1 (i€, x, isdtrictly bet-
ter than x,, 1), performan outside contraction: calculate

X = X+ 7p(X — Xny1), (3)

and evduate f, = f(x.). If f. < f., accept x, and
terminate the iteration; otherwise, go to Step 5 (perform a
shrink).

b. Inside. If f, > fo,41, perform an inside contrac-
tion: calculate

Xee = X — 7(5( - Xn+1)a (4)

and evaluate f.. = f(xcc). If fee < foy1, accept x.. and
terminate the iteration; otherwise, go to Step 5 (perform a
shrink).

5. Perform a shrink step.

Evduate f at then pointsv; = x3 + o(x; — x1), ¢ = 2,
..., n+ 1. The (unordered) vertices of the smplex at the
next iteration consist of x1, va, ..., Vipt1.

Shrink steps are extremely rare in practice [12], which means
that the NM method typically requires only one or two objective
function values per iteration. In contrast, an iteration of other
direct search methods requires n (the number of variables) or
more eval uations of the objective function.

Typicd termination criteria for the NM method involve a
sufficiently small ssimplex and/or a sufficiently small variation
inthefunctionvaluesat thesimplex vertices, see[12] and [6] for
further comments about how to terminate direct search methods.
There is a trove of folklore, practical experience, and rules of
thumb about issues such as choosing the initia simplex shape
and size; see, e.g., [14].

Relatively strong convergenceresultshavebeen obtained [13]
for pattern search methods (a subset of direct search methods),
which require, in the worst case, n 4+ 1 function evaluations

per iteration. Surprisingly, no published theoretical analysis
trested the original NM agorithmin the 30 years following its
publication. The first such results for Nelder-Mead appeared
in 1996 [5], [9], but are limited to dimensions one and two.
However, additional convergencetheory islikely to bedevel oped
inthe near futurebecause of rapidly growinginterestinthetopic
of non-derivative optimization.

Beyond the lack of general convergence theory, the NM
method is known to suffer in practice from serious, even fa
tal, stagnation and failure [12], [4]. Despite these known in-
efficiencies and failures, the method remains extraordinarily,
and rightly, popular for two reasons that apply directly in the
present context of wirelessdesign. First, the Nelder-Mead algo-
rithm typically produces significant improvement in the objec-
tivefunction during thefirst few iterations[6]; thusit isefficient
in applications where one wants to find parameter values that
improve (rather than optimize) a performance measure. Second,
the relative “best-case efficiency” of the NM method is appeal -
ing when each function evaluation is enormously expensive or
time-consuming.

Our extensive experience with the propagationmodel inWise
[2] shows that Nelder-Mead method is effective and reliablein
finding acceptabl e approximationstoloca optimawithinasmall
number of function evaluations. As a rule of thumb, with one
base station (three variables), only 20-25 function evaluations
aretypically needed to satisfy rather stringent termination crite-
ria (the maximum simplex edge must be less than 0.1 meter, or
the maximum difference between function values at the vertices
must be less than 0.001). In numerous trials with four base
stationsfor which the z coordinateswere fixed (eight variables),
an acceptably accurate optimum was almost always located in
40-45 function evaluations.

Asdiscussed in [14], thesize of theinitial simplex has asub-
stantial effect on efficiency. For aimost al practical problems,
the advice in [14] isto begin the NM method with a relatively
largeinitial simplex. A too-small initial simplex can lead in the
worst case to premature termination, and, even when themethod
continuesto iterate, progress can be extremely slow.

V. EXTENSIONS

Most direct search methods are designed for unconstrained
optimization of a nonlinear function f. Recently, [7], [8] have
shown how to adapt pattern search methodsto handle both sim-
pleboundconstraints(i.e., constraintsof theformx; > ¢; and/or
x; < u;) and genera linear constraints (Ax = b or Az > b,
where A isa matrix and b a vector of appropriate dimension).
The approaches given in [7] and [8] rely completely on the a
priori known structure of the constraints.

A generic technique for transforming a constrained prob-
lem into an unconstrained problem isto use an exact penalty
function, of which there are several varieties. In the wire-
less application, we have used a nondifferentiable exact penalty



specified level. The treatment of constraints will be discussed
briefly in Section V.

1. PROPERTIES OF THE OBJECTIVE FUNCTION

For indoor Wise (see [2]), the objective function is the per-
centage of the building (or target subarea of the building) within
which received power reaches or exceeds a specified threshold.
Thisvalueis obtained by computing received power at “virtual
receivers’ on agrid of points (typically thousands) in the build-
ing. The objective function value, “coverage’, is the ratio of
grid points covered to the total number of grid points.

Thisfunction has severa propertiesthat are unattractivefrom
the viewpoint of numerical optimization. First, since it is de-
fined asthe ratio of two (not very large) integers, it can assume
only a relatively small finite set of values, which means that
its behavior is quite different from that of afinite-precision ap-
proximation to a smooth function. Second, it is unpredictably
nondifferentiable (in some cases, even discontinuous) because
the coverage can change dramatically following a tiny change
in a base station location—for example, when a base moves
from just inside to just outside a room with non-transmissive
walls. Third, the form of some propagation models introduces
discontinuities, most commonly, this happens when physica
quantitiesthat would ideally be continuous are approximated by
tablelookup. Another form of discontinuity arisesin situations
when the value of one parameter depends on the range in which
a second parameter lies. Even if present at a very low level,
specifications of the form

if 0<p<2thena—1 dsea—25

inherently introduce discontinuities, albeit smal, that can sig-
nificantly affect the efficiency of optimization methods based on
smoothness.

IV. THE NELDER-MEAD METHOD

Because of the properties just described, there is no hope
of obtaining the gradient of the objective function in the base
station placement problem, or even a finite-difference approxi-
mation to its gradient: only function values are available. Thus
the workhorses of optimization like Newton and quasi-Newton
methods (see, e.g., [1], [3]), which requirefirst or second deriva
tives, cannot be applied. Furthermore, computation of asingle
function value can be extremely costly for large, complex build-
ings and campus environments, even with the fastest available
computationa geometry techniques (such asthosein Wise[2]).
Thus it is essentia for the optimization method to produce an
acceptable answer inardatively small number of function eval-
uations. (Asymptotic properties, such as ultimate superlinear
convergence, are irrelevant in this context.)

The most plausible solution technique is a direct search
method, one of a family of optimization methods that have

been popular with practitioners since the 1960s [11], [15], par-
ticularly in engineering. Although direct search methods were
inlargepart ignored by the mainstream optimi zation community
until recently, they are now undergoing arenaissance of intense
interest, with active development during the past two years of
the underlying theory and algorithmic improvements (see, for
example, [13], [15], [4], [6])-

The direct search method used in Wise [2] is a version of
the Nelder-Mead (NM) “simplex” method [10], first published
in 1965. The NM method is without question the most popu-
lar direct search method, used in solving tens of thousands of
problems, especially in chemistry, chemical engineering, and
medicine. The book [14] is devoted entirely to the NM method
andvariations. TheNM method appearsinthebest-selling hand-
book Numerical Recipes [11], where it is caled the “amoeba
algorithm”, and in the Matlab™ interactive matrix software
package.

The Nelder-Mead method is conceptually simple, although
care is needed to implement it properly. The NM method at-
tempts to minimize a scalar-valued nonlinear function of » rea
variables using only function values, without any derivativein-
formation (explicit or implicit). Many of the most well known
direct search methods, including the NM method, maintain at
each step a nondegenerate simplex, a geometric figure defined
by n + 1 vertices (rea n-vectors). (For example, asimplex in
two dimensionsisatriangle.)

Suppose that we are minimizing the function f(x), where x
denotes area n-vector (a point in n-space). The NM method
includes four possible operations on the current smplex, each
associated with a coefficient: reflection (p), expansion (i), con-
traction (), and shrinkage (¢). The nearly universa choicesfor

these coefficients in the standard NM algorithm are
p=1, x=2, y=3%, ad o=3.

The result of each NM iteration is either: (1) a single new
vertex—the accepted point—which replaces the current worst
vertex (the vertex with the largest function value) in the set of
vertices for the next iteration; or (2) if ashrink is performed, a
set of n new pointsthat, together with the previous best vertex,
form the simplex at the next iteration.

A singleiteration of the NM method is defined according to
the following steps.

1. Order.
Order then + 1 verticesto satisfy
f(x1) < flx2) < < f(®ng),
using a consistent tie-breaking rule (see [5]).
2. Reflect.

Computethe reflection point x, from

X, = %+ p(X = X41). (1)
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Abstract — Current wireless design tools contain one or more
propagation models whose purpose is to predict quantitative
measures of system performance as a function of system pa
rameters. A logical next step isto optimize predicted overal
performance by choosing the best valuesfor parameters that can
be controlled by the provider and/or maintainer of the system.
However, because the function to be optimized is often highly
nonlinear and nasty (for example, unpredictably discontinuous,
nondifferentiable, or noisy), only alimited number of optimiza-
tion techniques can be applied.

Direct search methods are well suited to finding the optimal
placement of base stations, since they require only the value of
thefunction to be optimized. In extensive numerical testing, we
have found a customized variant of the Nelder-Mead “simplex”
method to bereasonably efficient and reliableat finding local op-
tima. Our experience with producing improved or optimal base
station placements suggests that optimization can enhance un-
derstanding of propagation models as well as improve wireless
system designs.

I. THE BASE STATION PLACEMENT PROBLEM

Propagation models of widely varying degrees of sophis-
tication, ranging from simple statistical models to full three-
dimensiona ray and/or beam tracing, provide detailed predic-
tions of quantities that characterize performance (for example,
the received power at a given location) within wireless systems
in both indoor and outdoor environments. These models typi-
caly depend on many parameters—some dictated in advance,
others that can be varied by the provider or maintainer of the
system.

Given a propagation model with acceptable predictive capa-
bility and aninitia design, itisdesirableto produce an improved
(ideally, the optimal) design within the framework of that model
by systematically adjusting free system parameters to achieve
the best performance. We consider the specific problem of
optimizing the base locations in afixed-base system; these lo-
cations are the most obvious, perhaps the most important, free

parameters. Other variables, such as power, antenna tilt, etc.,
seem likely to be amenable to the same genera approach de-
scribed in this paper.

1. FORMULATION OF THE PROBLEM

A crucia question relevant to optimization but not consid-
ered here ishow to define appropriate numerical measures of the
desirable qualitiesin awireless system. Standard optimization
methods require a single number (the objective function) that
represents the “goodness’ of the system’s performance. For a
measure such as the cost of equipment and maintenance, we
seek to reduce its value; for others, such as the size of the
coverage region, larger values are better. The performance of
aredistic system involves numerous gquantities, sometimes in-
commensurate, which means that the problem of characterizing
good performance may bejust as complicated as finding its op-
timal vaue. Fortunately, the optimization methods considered
here can be applied to essentialy any objective function, and
furthermoretheir performance should not depend heavily on the
choice of parameters.

Implicitin the concept of optimizationisthat the chosen per-
formance measure dependson aset of variables, i.e., quantities
that can be chosen or modified in the system design. In the
WiSE model [2], the usua variables are the z, y, and = coor-
dinates of the base stations. In some instances only a subset
of these coordinates may be alowed to vary, for example when
all antennas will be installed at a fixed height. Other possible
variablesincludefeatures such asthetilt angle or power level of
each individua antenna

In additionto sel ecting the objective function variables, wire-
less system design may involve constraints arising from phys-
ical, contractual, or lega requirements. A common example of
such a congtraint is the existence of site-specific “forbidden re-
gions” withinthebuilding (such as the chief executive'sofficeor
ahospital operating room) where base stations cannot be placed.
Another form of constraint specifies that power received within
a certain zone outside the building perimeter must not exceed a



